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In this paper we study the variety of complexes or Buchsbaum]Eisen-
.bud variety of complexes in positive characteristic, using the method of
w xF-splitting and Kempf's resolution K . In particular, let V , . . . , V be0 m
finite dimensional vector spaces over an algebraically closed field k of
characteristic p ) 0. Let
L s Hom V , V = ??? = Hom V , V , .  .0 1 my1 m
and let
G s GL V = ??? = GL V s G = ??? = G . .  .m 0 m 0 m
 .Then given f s f , . . . , f g L such that f ( f s 0 for all 2 F i F m,m 1 m i iy1
 .we consider the orbit closure O [ G f in L, where the action of Gf m m mm
 y1 y1 y1 .on L is given by g ? f s g f g , g f g , . . . , g f g , form m 1 1 0 2 2 1 m m my1
g s g , . . . , g g G . .m 0 m m
Our main result in this paper is the following
THEOREM 1. For a complex f g L, the orbit closure O is normal,m f m
Cohen]Macaulay with rational singularities with respect to a natural resolu-
.tion gi¤en by Kempf .
We note that in characteristic 0, this result was first proved by Kempf
w xK . In arbitrary characteristic it was proved by DeConcini and Lakshmibai
w x w xDL and DeConcini and Strickland DS , using Hodge Algebras, and by
w xMusili and Seshadri MuSe using the methods of standard monomial
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theory. Here we prove the rational singularity of O by proving that thef m
w xnatural resolution for this, given by Kempf K , is F-split.
 .Notation. We fix J s J , J , . . . , J , where J : V are subspaces such0 1 m i i
that
dim J s dim ker f0 1
dim J s rank f , for all i G 1.i i
Let dim J s k , for all 1 F i F m. Leti i
im a : J : ker a , wheneveri i iq1a g lW s W J s . . m 5either statement makes sense.
my 1  .Therefore W s  Hom V rJ , J : L. Let0 i i iq1
ÄP s P = P = ??? = P : G ,0 1 m m
Ä .where P is the stabilizer of J in GL V . Then W is a P-stable subspacei i i
Äof L. Now whenever P acts on a variety T , recall that
ÄP y1 ÄG = T [ g , t g G = T modulo g , t ; gp , p t , ;p g P . .  .  . 4m m
We have the following commutative diagram
Ä ÄP P6 ÄG = W G = L ( G rP = L .m m m
6
f 6
L,
where the map f is given by the formula
f h , . . . , h , t , . . . , t s h t hy1 , h t hy1 , . . . , h t hy1 , .  .0 m 1 m 1 1 0 2 2 1 m m my1
 .  .where h , . . . , h g G and t , . . . , t g W1 m m 1 m
Remark. The following facts are easy to check.
ÄP .1 The image of f : G = W “ L is O ,m f m
ÄP .2 G = W is smooth, andm
Ä ÄP P .3 G = W ¤ G = L is closed, hence the map f is proper.m m
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&
To compute the fiber of f over an arbitrary element f g O , we willm f m
construct a factorization of the map f as
m my1 m my1Vi pÄÄP P 96G = Hom , J G = Hom V , J .   i iq1 i i iq1 /J0 0 1 0i
6
f Äc
6
my1
Hom V , V . i iq1
0
my 1  .Here P9 s P = ??? = P acts on  Hom V , J by1 m 0 i iq1
p , . . . , p ? a , . . . , a s p a , . . . , p a , .  .  .1 m 1 m 1 1 m m
so that we can form the quotient variety
m my1
P 9G = Hom V , J . . i i iq1
1 0
The map p is given byÄ
p h , . . . , h , t , . . . , t s h , . . . , h , t hy1 , . . . , t hy1 , .Ä  .0 m 1 m 1 m 1 0 m my1
and for
m my1
P 9g , . . . , g , a , . . . , a g G = Hom V , J , .  . 1 m 1 m i i iq1
1 0
Ä .  .we have c g , . . . , g , a , . . . , a s g a , g a , . . . , g a .1 m 1 m 1 1 2 2 m m& & &
y1 y1 y1Ä .  .Now for any f g O we have f f s p c f . ButÄm f m mm
& &
y1 y1 y1 y1Ä Ä Ä<c f s g , . . . , g , g f , . . . , g f g f . /m 1 m 1 1 m m i i
g Hom V , J , ; i G 1 . . 5i iq1
Now consider the diagrams
&y1 y1Äg f g f1 1 m m6 6 6 6
V J V , . . . , V J V .
6 6
0 1 1 my1 m m
g gÄ 1 mf1 6 Ä 6fm
V V1 m
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Therefore
&
y1 y1 y1Ä Ä Äc f s g , . . . , g , g f , . . . , g f / /m 1 m 1 1 m m
Ä Ä Äf V : g J , f V : g J , . . . , f V : g J . .  .  .  .  .  . 51 0 1 1 2 1 2 2 m my1 m m
This gives an isomorphism to a product of Grassmannians
V V& 1 my1Äc f “ G k y d , = ??? = G k y d , , /m 1 1 m m /  /Ä Äf V f V .  .1 0 m my1
Ä .   .  ..  . given by g , . . . , g ‹ g J , . . . , g J , where d s dim f V re-1 m 1 1 m m i i iy1
.call that k s dim J . Hencei i
¡ y1 y1 ƒÄ Äh , . . . , h , h f h , . . . , h f h , where /0 m 1 1 0 m m my1
& &y1 y1 ~ ¥y1 y1 y1Ä Ä Ä Äp c f s .Ä h , . . . , h , h f , . . . , h f g c f /m  /  /1 m 1 1 m m m
y1¢ §Äand h f h g Hom V rJ , J , ; 0 F i - m .iq1 iq1 i i i iq1
Therefore
&
y1 y1 y1 y1Ä Ä Äh , . . . , h , h f h , . . . , h f h g p c fÄ /  /0 m 1 1 0 m m my1 m
if and only if the following conditions hold:
Äh J : ker f , .0 0 1
Ä Äf V : h J : ker f , .  .1 0 1 1 2
...
Äf V : h J . .  .m my1 m m
Hence the map
Äker f& 2y1 y1Ä Äp c f “ G k , ker f = G k y d , = ???Ä  . /m 0 1 1 1 Ä /f V .1 0
Äker fm
= G k y d ,my 1 my1 Ä /f V .my 1 my2
Vm
= G k y d , ,m m /Äf V .m my1
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given by
h J h J .  .1 1 my1 my1
h , . . . , h , t , . . . , t ‹ h J = = ??? = .  .0 m 1 m 0 0 Ä Äf V f V .  .1 0 my1 my2
h J .m m
= Äf V .m my1
is an isomorphism. This gives the proof of the following lemma.
&
LEMMA 2. For e¤ery f g O , there is an isomorphism of ¤arieties,m f m
defined as abo¤e,
&
y1 Äf f ( G k , ker f . /m 0 1
Äker f V2 m
= G k y d , = ??? = G k y d , ,1 1 m m /Ä Ä /f V f V .  .1 0 m my1
where both sides are gi¤en the reduced scheme structure.
For the notations and the proof of the following lemma one can refer to
w xMu .
w 4 xLEMMA 3. Let k F m and r be positi¤e integers, let X s Spec k X .1 i j k=r
 .  . Then X ( D u , where D u denotes the determinantal ¤ariety in G r, m1 P 1 P 1r r
.  .q r and u s k q 1, . . . , k q r . Therefore X corresponds to the closed1 1
sub¤ariety
Idr IdrXD u s ¤ Z s , . i jP 1 k=rr Zi j m=rw x0  .myk=r
 .where Z denotes the opposite big cell of G r, m q r . Similarly, if we define
w 4 xX s Spec k X , where k F r, then X can be embedded as2 i j m=k 2
Idr
D u s ¤ Z, .P 2r w x0 X .m= ryk i j m=k
 .where u s 1, 2, . . . , k; m q k q 1, . . . , m q r . In particular X and X2 1 2
 .are identified with Schubert cells intersection of Z and a Schubert ¤ariety in
 .G r, m q r .
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We introduce the following notations
n s dim V .i i
G s SL n q n q ??? qn .0 1 m
l s n , l s n q n , . . . and l s n q ??? qn0 0 1 0 1 m 0 m
¡ ƒg ) ??? )0
.0 g .1 .~ ¥g GL l g g GL V , 0 F i F m .  .Q s . m i i. ).¢ §0 ??? 0 gm
G )1 G g GL l , G g GL l y l .  .P s , for all 0 F i - m.1 i 2 m il i 0 G 52
 .It is clear that Q and P are parabolic subgroups of GL l , andl mi
Q s F my 1 P . The opposite big cells of GrQ and GrP are respectivelyis0 l li i
¡ ƒI 0 ??? 0n0
.) I .n1 .~ ¥I s Id g GL n , 0 F i F m. .Z s ,. . n ii. . 0. .
) ??? ) I¢ §nm
w xI 0 l =l yll i m iiZ s , 0 F i F m y 1.i  5) Il ylm i
We note that with the canonical embedding
GrQ ¤ GrP = ??? = GrP ,l l0 my1
we have
my1
y1Z s GrQ l Z = ??? = Z , hence Z s p Z , .  .F0 my1 i i
0
where p : GrQ “ GrP is the canonical map. Using Lemma 3, for everyi l i
 .  .1 F i F m y 1, one can find determinantal varieties D u and D uP i1 P i2l li i
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in GrP such thatl i
Idli
D u l D u s . 4 .  .  .0 X 4P i1 P i2 i jl l k =n yki i iq1 i i
0 0
 .  .Let X u and X u be the Schubert varieties in GrP associated toP i1 P i2 ll l ii i  .  .the Schubert cells D u and D u , respectively. LetP i1 P i2l li i
Y s X u l X u : GrP , ;0 F i F m y 1. .  .l P i1 P i2 li l l ii i
Let
my1
y1X s p Y , .F i l i
0
which is an intersection of Schubert varieties in GrQ. For the canonical
Ä y1 .map p: GrB “ GrQ, let X s p X be the corresponding intersection
of Schubert varieties in GrB.
Now we define another map
GL n GL n GL n GL n q ??? qn G .  .  .  .0 1 m 0 m
= = ??? = ¤ s ,
B B G B B0 1 m
given by
g 0 ??? 00
0 g 01
g , g , . . . , g ‹ . . . . .0 1 m . . .. . .
0 0 ??? gm
ÄThis is a closed immersion of algebraic varieties and its image is Y s
Ä .QrB ( G r B l P , hence is a Schubert variety in GrB. Now, bym
w xMR, Theorem 1 , there exists an F-splitting on GrB = GrB which
Ä B Äsimultaneously compatibly splits Y = GrB and G = X. Hence S s
ÄB l P B Ä .  .G = GrB l G = X is compatibly Frobenius split in G rm m
Ä .B l P = GrB. Let
Ä Äp : G r B l P = GrB “ G rP = GrQ .m m
 .be the canonical proper map. Then p S is compatibly Frobenius split in
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ÄG rP = GrQ. Hencem
ÄM [ p S l G rP = Z is compatibly Frobenius split in .  .1 m
ÄM [ G rP = Z. .m
Now, by definition
Ä Ä Ä<S s y B l P , yx y g G , x g X : G r B l P = GrB. .  . . 5m m
Therefore
Ä Ä<p S s yP , yx y g G , x g X : G rP = GrQ. .  4 . m m
Let bar over an element denote its image in GrQ. Now, if yxg Z : GrQ,
Äwhere y g G and x g X, then yxs z, for some z g Z.m
y1 y1Hence x s y yxs y z in GrQ. Now
Id 0 ??? 0ng 0 ??? 0 00
.) Id .0 g 0 n1 1 .y1y s , z s .. . . . .. . . . . 0. . . . .
0 0 ??? g ) ??? ) Idm nm
Therefore
Id 0 ??? 0ng 0 ??? 0 00 .) Id .) g 0 n11 .y1x s y z s Q s g Z.. . .. . . . . .. . . . . .. . .
) ) ??? g ) ??? ) Idm nm
This implies that
Ä Ä <M s p S l G rP = Z s yP , yx y g G , x g Z l X .  4 .1 m m
Ä: G rP = GrQ.m
Now
my1
y1Z l X s Z l p Y .F i l i
0
s lpy1 Z l py1 Y .  .i i i l i
s lpy1 Z l Y .i i l i
s lpy1 D u l D u . .  . /i P i1 P i2l li i
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 .  .CLAIM. The embedding of W s Hom V rJ , J = Hom V rJ , J0 0 1 1 1 2
 .= ??? = Hom V rJ , J into Z given bymy 1 my1 m
Id 0 ??? 0 0n0
h Id ??? 0 01 n1
0 h ??? 0 0h , . . . , h “ . 21 m
. . . .. . . .. . . .
0 0 ??? h Idm nm
Äis P-equivariant, and its image is Z l X.
ÄProof of the Claim. The P-equivariance of the embedding W ¤ Z is
clear by direct computations, so it suffices to identify the image with
Z l X. Let y g Z l X. Since y g Z, we can write y as
Id 0 ??? 0 0n0
g Id ??? 0 011 n1
g g ??? 0 0y s .21 22
...
g g ??? g Idm1 m2 m m nm
Then
Id 0 0 ??? 0n0
g Id 0 ??? 011 n1
g 0 Id ??? 0p y s . . 21 n20
. . .. . .. . .
g 0 0 ??? Idm1 nm
 .  .  .Hence p y g D u l D u implies that g s ??? s g s 0 and0 P 01 P 02 21 m1l l0 0
 40 ai j k =n yk1 0 0g s .11
0 0 n =n1 0
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Similarly, we compute that
Id 0 0 ??? 0n0
0 Id 0 ??? 0n1
yg g g Id ??? 0p y s . . 22 11 22 n21
. . .. . .. . .
yg g g 0 ??? Idmy 1, 2 11 my1, 2 nm
 .  .  .Hence p y g D u l D u implies that g s ??? s g s 0, the1 P 11 P 12 32 m2l l1 1
composition g g s 0, and22 11
 40 ai j k =n yk2 1 1g s .22
0 0 n =n2 1
Continuing in this way, we see that Z l X is contained in the image of W.
On the other hand, the same computations also show that the image of W
y1  .  ..lies in p D u l D u , for all 0 F i F m y 1. This proves thei P i1 P i2l li i
claim.
From the Claim above,
Gm ÄPM s p S l = Z ( G = W . .1 m /ÄP
ÄPÄ Ä .Recall M s G rP = Z s G = Z; let f : M “ Z be the canonicalm m ÄPprojection map. Note that if f : M ( G = W “ L is the map consid-1 m
ered earlier, then there is a commutative diagram
M ¤ M1
,Äx f x f
L ¤ Z
where the map L ¤ Z is defined in the same way as the map W “ Z, in
the above claim.
LEMMA 5. The proper map
my1 ViÄPf : M s G = Hom , J “ O1 m iq1 f m /J0 i
y1 .  .is birational. In fact, f O , O , where O is the orbit G f in L.f f f m mm m m
Moreo¤er M and O are irreducible.1 f m
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y1 .Proof. It is enough to construct a section O “ f O . For this wef fm mÄ  .only have to construct a map O “ G rP. Now, if a s a , . . . , a gf m m 1 mm
 .O then there exists g , . . . , g g G such thatf 0 m mm
a , . . . , a s g f gy1 , . . . , g f gy1 . .  .1 m 1 1 0 m m my1
Ä  .  .We define a map O “ G rP, by a , . . . , a ‹ g P , . . . , g P . It isf m 1 m 0 0 m mm
trivial to check that this gives a section as required.
Ä  . Now, since f#O s O , where Z s [ Hom V , V , and as we hadM Z i- j i j
.seen earlier M is compatibly Frobenius split in M , we deduce that O is1 f m
compatibly Frobenius split in Z.
Normality of O . Sincef m
 .1 M is normal,1
 .2 the fibers of f are connected, and
 .3 O is Frobenius split,f m
 w x.the ¤ariety O is normal see R , and f#O s O .f M O f mm 1
wVanishing of Higher Direct Images. We note that the conclusion of MS,
xLemma 1 is valid independently of the scheme structure on the fiber X ,y
w xin the notations of loc. cit. . Hence by Lemma 2,
Rif#O s 0 for all i ) 0.M1
Grauert]Riemanschneider Vanishing Theorem. Let E s O _O be thef fm m
y1 .exceptional locus of f. We describe f E as follows.
 .Let D u denote the determinantal variety, defining k -minors ofP i iq1l iw x   ..X . Then see Eq. 4i j  l yl .= lm i i
D u l D u l D u s k -minors of X . .  .  .P i1 P i2 P i iq1 i j  .k = n ykl l l iq1 i ii i i
Let
my1
y1X s p X u l X u l X u .  .  .F  /1 i P i1 P i2 P il l li i i0
Ä y1 .which is an intersection of Schubert varieties in GrQ. Let X s p X ,1 1
where p: GrB “ GrQ is the canonical map. Let
ÄB l PÄ ÄS s Y = GrB l G = X .  .1 m 1
Ä Ä<s yB , yx y g G , x g X , yB g Y . . 5m 1
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It is easy to check that
Ä y1 Ä<N [ S l Y=p Z s yB , yx ygG , p x gZlX , yBgY , .  .  . 4 .1 1 m 1
Ä y1 Ä<N [ S l Y = p Z s yB , yx y g G , p x g Z l X , yB g Y . .  .  . 4 . m
Now consider the diagram
Ä y1 Ä y1S l Y = p Z ¤ S l Y = p Z .  . .  .1
x p
ÄM s p S l G rP = Z . . .1 m
x f
Of m
 .For any g g O , we have considering O : L : Z : GrQf fm m
y1 y1 Ä<p f g s yB , yx y g G , yB g Y , p x g Z l X , yp x s g . .  .  .  . 4m
 .If g s g , . . . , g g E s O _O , then for some 1 F i F m, we have1 m f f 0m m
 .rank g - k s rank f . Ifi i i0 0 0
my1 Vi
p x s x , . . . , x g Hom , J , .  . 1 m iq1 /J0 i
 . y1 y1 .then rank x - k . This implies p x g X l Z, hence p f g : N .i i 1 10 0
Therefore we deduce that
py1fy1 E : N . . 1
Now consider the diagram
py1 6Ä ÄN s S l Y = p Z M s p S l G rP = Z . .  . .  .1 m
6
f (p
f
6
Of m
Therefore we have the spectral sequence
Rif#R jp#K « Riq j f (p #K , .N N
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where K and K denote the canonical sheaves of N and M , respec-N M 11 Ä Ä .tively. Moreover, if d s relative dimension of p s dim PrB l P, then
0 for j / d
jR p#K sN  K for j s d.M1
Hence
Rif#K s Riqd f (p #K . .M N1
Therefore to prove Grauert]Riemanschneider vanishing for f, it is enough
to prove
R j f (p #K s 0 for all j ) d. . N
ÄB l PÄ Ä Ä .   ..Consider the divisor D s Y = GrB l G = d X on S, wherem
Ä Ä .d X denotes the sum of all codimension one Schubert varieties in X.
Ä <Then D [ D is a divisor on N such thatN
 .  w x.1 N is Frobenius split, compatibly with D by MR, Theorem 1 ,
 . y1 y1 .2 p f E : D,
 . j .3 R f (p #K s 0, for all x g O and for j ) d.N fx m
w xTherefore, by Theorem 1.1 of MV , the higher direct image sheaf
i .R f (p #K vanishes on O , for all j ) d. This proves that the map fN f m
is a rational resolution of O .f m
Remark. It follows from the above that all the orbit closures O aref m
simultaneously compatibly F-split in Z.
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